1. Regular bilinear mappings and groups of class 2. In this paper, H and K will always be Abelian groups. We say that / is a regular bilinear mapping of II into K, written (i) fEmn,K), if, to every ordered pair (x, y), x and y in H, there is defined a unique f(x, y) in K and, for all x, x', y, y' in H,
f(xx', y) = f(x, y)f(x', y), (3) f(x, yy') = /(*, y)f(x, y'),
f(x, x) = e (e is always the group identity), (5) if, for all y, f(x, y) = e, then x = e, (6) K-{f(x,y)}.
It is easy to show that these conditions imply that H and K are Abelian.
G, Z, and Q will always stand for a group, its centre, and its commutator subgroup respectively and we shall further assume that G is either Abelian or of class 2, that is (7) QCZ.
If we define/by
it is easy to show that fEW(G/Z, Q). We write f=M(G).
We say that/and/' in m(H, K) and <m(H', K'), respectively, be-long to the same family, denoted by/~/', if and only if there exist isomorphisms <p and yp of II into H' and K into K' respectively and such that, for all x and y in H, (9) f'(<bx, <j>y) = tf(x, y).
The condition [l] that G and G' belong to the same family, denoted by G~G', is precisely that
If g = F(f) and ® = F(G) denote the families to which / and G respectively belong and we define Af(@) by
we then have the following theorem.
Theorem 1. The correspondence &-->M(®) is one-one between the set of all families of groups of class 2, plus the family of all Abelian groups, and the set of all families of regular bilinear mappings.
This follows at once from the above definitions and Theorem 2. The following proof of Theorem 2 is due to Professor Saunders MacLane and replaces a much longer proof2 based on construction using a special basis.
Theorem 2. For any fin ^(H, K), there exists G such thatf~M (G) and Z = Q.
The group G required consists of all ordered pairs (x, A) with x in H and A in K and multiplication is defined by (12) (x, A)(y, k) = (xy, hkg(x, y)), where g(x, y) satisfies the following conditions:
g(e, e) = e.
A factor set g may be found by transfinite induction by the following lemma. Lemma 1. If R<S^Hand S/R is cyclic and h(x, y) is defined in R and satisfies (13), (14), and (15), then we can find g(x, y) defined in S, satisfying (13), (14), and Given in an earlier version of this paper. (16) g(x, y) = h(x, y), for ail x, y in R.
Let Rz generate S/R; if S/R has finite order «, zn=aER, we define g(x, y), x = x'z\ y=y'z', x', y' in R, 0 = ¿, j<n, by (17) g(x, y) = h(x', y')f(z\ y'), if i + j < n, and by (18) g(x, y) = h(x', /)/(*', /)*(*y, «), iii + jkn.
If 5/i? has infinite order, we define g(x, y) by (17) for all i, j.
It is not difficult to verify that g (x, y) has the required properties, (14) has six cases to be considered, when w is finite.
2. Direct products of multi-linear mappings and groups. We say that/ is a regular multi-linear mapping on
and so forth, It is easy to obtain the following result.
Lemma 2. If f=M(G), fi = M(d) (iEI), then G~n<er d if and
onlyiff~JJieifi.
We now come to the main result on products of mappings. We now have (7) x = II xa, xa = 6¡riiX E HÜ = e¡Hi. We now show that the expression (7) of x as a product of x,y is unique.
Suppose then that e= Ili€/./G/*iyi XijEHy. We then have Then, by (1), (7), and (8), The products are clearly independent of the particular elements by which they are defined. A family is indecomposable if it cannot be expressed as a product of nontrivial factors. We easily obtain from the above results the following theorem. 
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To prove (2) we detach the last term, s = n, and split the remaining sum into two parts by putting Pn=Pn-i-xnPn-iThis gives
